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Statistical and biophysical aspects of the survival curvef 
A Μ Kellerer 
Radiological Research Laboratory, Department of Radiology, Columbia 
University, College of Physicians and Surgeons, 630 West 168th Street, 
New York, N Y 10032, USA 
Abstract. Statistical fluctuations in a series of repeated x-ray survival curves of 
non-synchronized V79 hamster cells are considered. Within each experiment the 
fluctuations are close to those theoretically expected on the basis of Poisson 
statistics. Between successive experiments however sensitivity fluctuations of the 
order of 10% occur. The mean and the variance of the survival curves in nine 
repeated experiments are analysed and are compared to the conventional para­
meters η and q. A normalization utilizing the observed mean values for each 
experiment leads to an idealized x-ray survival curve. This curve corresponds 
only in its lower dose range to a mathematical expression in which the logarithm 
of the survival curve is proportional to a linear and a square term in absorbed 
dose. For V79 cells in late S-phase however one obtains full agreement with 
such an equation. 
Microdosimetric considerations are used to derive the distances over which 
radiation products or sublesions must interact to cause a nonlinear component 
in absorbed dose. It is found that for interaction distances of the order of 10 
to 100 nm the linear component must always be predominant up to doses of 
1000 rad or more. A higher-order term in absorbed dose which is comparable to 
the linear term at doses of a few hundred rad implies interaction distances close 
to a micrometre. 
1. Introduction 
The study of survival curves has long been one of the essential objects of 
quantitative radiobiology. However it involves certain difficulties con­
nected with the statistical evaluation of observed data, with the choice of 
suitable models, and with the use of radiation physics for the interpretation 
of such models. The following remarks are concerned with the statistics 
tThis investigation was supported by Contract AT-(1 l-l)-3243 for the US Atomic Energy 
Commission and Public Health Service Research Grant No. C A 12536 from the National 
Cancer Institute. 
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of survival curves and with certain facts of radiation physics which permit 
rather general conclusions concerning the spatial interaction of sublesions 
in the cell. 
2. Statistics of the survival curve 
Most survival curves, and this is true for dose-effect relations in general, 
can within the experimentally obtainable statistical accuracy be fitted by 
a variety of analytical expressions containing three free parameters. Such 
a fit is therefore by itself no proof for the validity of any model associated 
with the expressions. On the other hand, a survival curve may be inconsistent 
with an equation which contains only two free parameters such as: 
S(D) = exp(-aZ)- j8D 2 ) . (1) 
However this, in itself, is not sufficient proof that a model associated with 
the equation must be rejected. Equation (1), for example, could, as we have 
reason to believe (Kellerer and Rossi 1972), be valid for cells of a given age, 
but it cannot then be valid for a non-synchronized population. The reason 
is that the superposition of two or more equations of this type with different 
values of α and β leads to a curve with a tail which is somewhat too shallow 
to be described by this type of equation. An example will be seen in figure 3 
which deals with a series of x-ray survival curves obtained by Hall et al(\975) 
in an extensive study of neutron RBE. However, in a curve obtained with 
considerable accuracy for hamster cells synchronized in S-phase (E J Hall 
unpublished) one finds full agreement with equation (1). This is shown in 
figure 1. 
Section 3 will deal with conclusions to be drawn from such a curve. 
First, however, it is of interest to ask whether in addition to obtaining 
accurate data in one experiment one can also obtain precisely repeatable 
data. We cannot at present answer this question for synchronized cell 
populations, as sufficient data are not yet available. However the recent 
investigation of neutron RBE on mammalian cells by Hall et al includes an 
extensive set of repeated x-ray curves and offers therefore the possibility of 
answering the question for non-synchronized cultures. 
In the course of the investigation nine independent experiments with 
neutrons of different energies were performed, and in each experiment a 
separate x-ray survival curve has been established. The results of the neutron 
experiments are presented elsewhere (Hall et al 1975): in the present context 
it is of interest to compare the various x-ray survival curves which have been 
obtained in this investigation. 
One conclusion of the detailed statistical analysis of the data for x-rays 
has been that within each experiment the observed statistical fluctuations 
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Figure 1. Colony-forming ability of V79 hamster cells synchronized in S-phase 
(E J Hall unpublished). The full line is the best fit to equation (1). D = 537 rad, 
S = 3-2. 
were only slightly larger than the Poisson fluctuations which must be 
expected if no uncontrolled factors influence the survival rates in the separate 
vials which are used to establish the survival at one dose level. However, 
it has also been found that the fluctuations of the survival rates between 
different experiments exceeded the normal statistical fluctuations by far. 
This occurred in spite of the fact that every effort has been made to keep the 
experimental conditions identical. One has to conclude that survival-curve 
parameters are not absolute constants but are subject to considerable 
variations from experiment to experiment. 
Variations of the cellular reaction in successive experiments pose the 
dilemma that one has to find a way to characterize the average reaction. 
One way to do this would be simply to superimpose all observed survival 
curves and take the average of the survival rates at each value of absorbed 
dose. Figure 2 shows all the observed points for the various x-ray experi­
ments in the recent investigation. However one can readily convince oneself 
that averaging several survival curves does not necessarily lead to a survival 
curve which embodies the common character of the individual survival 
curves. If, for example, one superimposes two survival curves which both 
have well defined shoulders but different mean inactivation doses, the result­
ing curve will have a shoulder which is less pronounced than either of the 
shoulders of the two original curves. 
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Figure 2. Superposition of all data points of nine successive x-ray experiments 
(Hall et al 1975). For the parameters of the individual curves see table 1. 
For this reason it is more appropriate to consider parameters of the 
survival curves and their averages. Table 1 shows such parameters, among 
them the extrapolation number, n, and the so-called quasi-threshold dose, D q . 
Both parameters, apart from the fact that they are somewhat ill-defined, 
have the disadvantage that they scatter widely. However, the survival curve 
is a special example of a distribution function, and it is therefore better to 
use the two basic parameters of any distribution function, namely the mean 
and the variance. The mean inactivation dose D and the variance σ2 are 
(for details see Kellerer and Hug 1972): 
D — \ D dS(D) = S(D) dD 
J σο JO 
and 
( D - D ) 2 dS(D) = 2 f 
Jo 
DS(D) dD — D2. 
(2) 
(3) 
Instead of the variance one can use a dimensionless parameter such as the 
coefficient of variation, σ/D. Another possibility is the relative steepness, 
S = Z)2/<72, which is the inverse square of the coefficient of variation. In 
the special case of the so-called multi-hit curves this latter quantity is 
exactly equal to the hit number. The essential advantage of the parameter 
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Table 1. Survival-curve parameters for a series of 210 kV x-ray survival curves 
of V79 Chinese hamster cells. 1 to 9 are experiments with non-synchronized 
populations performed concurrently with neutron experiments from 0-22 to 
15 MeV (Hall et al 1975). Experiment 10 has been performed with a population 
in late S-phase (see figure 1). 
η = extrapolation number; Dq = quasi-threshold dose; D = mean inactiva-
tion dose (see equation (2)); S = relative steepness, D2/a2 (see equation (3)). 
Number of 
experiment η Dq (rad) D (rad) S 
1 2-9 285 461 2-4 
2 5-6 355 429 2-5 
3 6-4 370 436 2-5 
4 10 5 445 427 21 
5 8 410 421 20 
6 9 390 395 2-1 
7 21 420 405 2-2 
8 11-9 420 387 20 
9 23 480 404 2-4 
Average values 
(1-9) 10-9 398 418 2-24 
10 
(late S-phase) 17 550 537 3-2 
is, however, that it indicates the size of the shoulder without regard to the 
applicability of multi-hit or multitarget equations or the existence of an 
extrapolation number. 
The values of D and S are listed in table 1. It is of particular interest to 
consider the variations in the mean inactivation dose. The average value 
is 418 rad, but there are deviations from this average of the order of 10%. 
One can renormalize the various curves by applying corresponding dose-
modifying factors, ie by plotting the observed points not at the dose D but 
at D χ 418/D, where D is the mean of the curve to which the point belongs. 
One then obtains the result which is depicted in figure 3. There are still 
considerable fluctuations, but the graph provides a much narrower definition 
of the survival curve than the unadjusted superposition of the data in figure 2. 
Fitting the initial part of the curve to equation (1) one obtains the 
coefficients 
1 and ßll2= 1 
1033rad ' 650rad 
This implies that the linear and the quadratic component in absorbed dose 
are equal at the dose ζ = 409 rad. This compares to the value ζ = 276 rad 
for the survival curve in figure 1 which belongs to late S-phase. 
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Figure 3. The data of figure 2 replotted with the dose-modifying factors 418 rad/D, 
where D is the mean inactivation dose for the experiment to which a point belongs 
and 418 rad is the average of D for all experiments. 
The full curve corresponds to equation (1) with α = 1/1033 rad and β112 = 
1/650 rad; the observed survival rates are significantly above the theoretical curve 
at the highest doses. D = 418 rad, S = 2-24. 
3. Biophysical implications of the survival curve 
Radiation physics can provide some very general conclusions regarding the 
action of radiation on the cell. Foremost among such conclusions are 
statements concerning the spatial distances over which sublesions produced 
by different charged particles must interact. 
The topic is of special interest because various authors have come to 
the conclusion that in relations such as equation (1) the linear term in dose 
can be interpreted as the result of individual tracks of charged particles 
(infra-track action) while the quadratic term is due to the interaction of 
sublesions produced by different tracks of ionizing particles (wier-track 
action). Consequently it is of considerable interest to determine the level 
at which such interaction can occur. 
The problem is not new to theoretical radiation biology. Sax (1940) and 
Lea (1946) have studied the problem many years ago in the special case of 
the production of dicentric chromosomes; from the shape of the dose-effect 
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relations they concluded that interactions occur over distances of the order 
of micrometres. In recent years microdosimetric analysis has reconfirmed 
these conclusions, and has led to the result that in a wide range of effects on 
higher organisms one has to deal with the interaction of sublesions over 
distances of the order of micrometres. Essential in this context has been 
the study of the RBE of neutrons as a function of neutron dose (Rossi 1970), 
and it has been concluded that the linear-quadratic dependence on absorbed 
dose is valid for the primary cellular lesions in a wide range of effects on 
higher organisms (Kellerer and Rossi 1972). Naturally one could consider 
the possibility that the sublesions are single-strand breaks in D N A and 
that their interaction leads to double breaks. But one must then ask how 
energy deposition due to two different charged particles separated by 
micrometres or fractions of micrometres can interact to produce a double 
break in DNA. It is difficult to conceive that diffusion of radiation products 
over such distances should occur in the cell or even in solution. Other pro-
cesses must therefore be considered. 
Rigorous microdosimetric analysis is indispensable if one wants to obtain 
precise values for the interaction distances in experiments with different 
radiation qualities. But the essential argument can also be given in a simpli-
fied form. This form of the argument is not linked to any particular model 
of radiation action; it merely deals with those conclusions which can be 
drawn from the ratio of the nonlinear term of the dose-effect relation to its 
linear term. 
A numerical example may serve to indicate the nature of the argument. 
Consider a single break in D N A and assume that it has been produced by 
an ionization in a region of diameter 10 nm surrounding this single break. 
The ionization may have been produced by a fast electron or a delta ray 
belonging to a fast electron. Assume further that a double break can come 
about if another ionization in the same domain of 10 nm diameter produces 
another single break. The probability of a second ionization produced by 
an independent charged particle in this domain is approximately 10" 4 at 
100 rad of sparsely ionizing radiation. It is therefore a relatively unlikely 
process. However it is very likely that a second ionization is produced in 
the region by the same particle; one can estimate this probability to be 
about 0-5. It follows that two sublesions which interact over the very short 
distance of 10 nm can be readily produced in the tracks of even sparsely 
ionizing radiation. Compared with this infra-track action which must be 
proportional to absorbed dose, the inter-track action, namely the interaction 
of sublesions produced by independent particle tracks which shows a higher-
order dependence on absorbed dose, is entirely insignificant. Therefore if 
the nonlinear component in absorbed dose is substantial at a dose of 100 rad 
or even several 100 rad, it follows that this higher-order term cannot be due 
to the interaction of sublesions over very short distances. 
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This consideration is given a quantitative form in figure 4. This graph 
which is based on still unpublished calculations performed in collaboration 
with D C Chmelevsky gives the average additional energy deposition in a 
domain of diameter d surrounding an ionization or excitationt- The heavy 
full line applies to sparsely ionizing radiation in the limiting case of very 
small doses, ie it represents only ions which belong to the same particle track. 
The more lightly drawn curves belong to the indicated values of absorbed 
dose, ie they include the contribution from other, statistically independent 
particles. For a dose of 100 rad the contribution from other particles is 
insignificant up to distances of the order of magnitude of 1 μιη. Even at a 
dose of ten thousand rad one must go to fractions of a micrometre in order 
to have comparable contributions of the inter-track and intra-track com­
ponent. It takes doses of the order of a million rad to obtain a significant 
contribution from other tracks in regions of the order of tens of nanometres. 
In such cases as in the survival curves obtained with x-rays which have 
been discussed in the preceding section equality of the linear component in 
Figure 4. Mean additional energy deposited in a spherical region of diameter d 
around an ionization or excitation. The heavy full line is the contribution due to 
the same primary particle, the lighter lines give the totals for the indicated values 
of absorbed dose. 
The graph corresponds to sparsely ionizing radiation (LD = 3 keV μ π ι - 1 ) . 
I0 ! 
I0 2 
Diameter of region (nm ) 
fThe data are preliminary; a more detailed analysis of random tracks which were kindly 
provided by Dr Η G Paretzke may lead to slightly different values. The uncertainty is however 
insignificant for the present argument. 
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absorbed dose with the higher-order term occurs at several 100 rad. One 
must therefore conclude that the production of sublesions which are respon­
sible for the higher-order term cannot occur at distances of the order of 
tens of nanometres. Instead one must be dealing with cumulative action 
produced over distances of at least fractions of micrometres. 
The more rigorous microdosimetric analysis (Kellerer and Rossi 1972) 
has confirmed these results and has led to the conclusion that in most 
radiation effects on eukaryotic cells one deals with the synergism of different 
particles over distances of one to several micrometres. 
It is a question of great interest whether such long-range interaction can 
be explained by the diffusion of radiation products, whether one has to 
consider interaction of cellular structures such as the rejoining of chromo­
some breaks, or whether one deals with a two-component effect perhaps 
involving D N A and the membrane (Alper 1969) or a membrane-DNA 
complex (Elkind and Chang-Liu 1972). The study of the age variation of 
the survival-curve parameters and of the concurrent changes of the distri­
bution of D N A in the nucleus may provide the answer. 
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